THEORETICAL CONDITIONS FOR MODELLING THE
THERMALLY STRESSED STATE OF SOLIDS

G. G. Aleksandrova UDC 539.31:536.21

We obtain and analyze a complete set of similarity criteria which serve to insure similarity
in a solid of arbitrary shape, actual or model, simple or composite, when the thermally stres-
sed state of the solid is modelled under various conditions of thermal loading.

We study the problem of modelling the thermally stressed state of a solid, initially at a uniform tem-

perature T, and zero stresses and deformations; the thermal stresses arise as the result of a thermal
interaction with an external medium whose temperature T, varies with the time for the case of free and
forced convection, The temperature field which arises in the body is accompanied therein by nonstationary
thermal stresses, deformations, and displacements.

The system of fundamental equations is as follows,

1, The heat conduction equation and associated boundary conditions:
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2. The equation of motion
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3. The equations relating the relative deformation components (¢ij) and the displacements (uj, uj)
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4, Equations relating the stresses and deformations for the following cases:

a) a linearly elastic Hooke's Law material
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b) a material exhibiting simple viscoelastic properties: a Voight or Maxwell body [2]
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¢) materials with more involved viscoelastic properties, represented by parallel and series combina-
tions of Voight and Maxwell bodies, the elastic and viscous elements of which are characterized,
respectively, by stiffness constants Gy, Gy, ...,Gr and viscosities n, n,...,ny [Bl.
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TABLE 1, Similarity Criteria for the Thermally Stressed State of a

Solid Both Full-Scale and Model

Group I

Linear elastic
material

Material with simple
linear viscoelastic
properties (Voight
or Maxwell body)

Material with com-
plex linear visco~
elastic properties

Group II

Material A elastic or
viscoelastic; mat-
erial B elastic

Material A and B
viscoelastic

Group III

T, = const
(thermostatics)

Linear law
T, =f()
Harmonic temperature
oscillations of the
medinm
Temperature of med-
ium varying accord-

Material properties for part A of the model
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Material properties for part B of the model
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Results which follow satisfaction of the criteria( forrm}las for transition from modelto full-scale)

The initial conditions are:
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We describe the temperature dependence of the modulus of elasticity in the general case by a poly-

nomial:

E(T)=E, +AT + AT +.

AT

(9)

The dependence of an arbitrary physical constant on the temperature can also be represented in the
form (9) (values of constants with zero subscripts will be those at temperature Ty), If the temperature of
the surrounding medinm varies with the fime, the relations (1)-(9) are supplemented with the correspond-

ing time function T, = f(f).
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In the case of a composite body consisting of parts A and B, additional relations are needed for body
B, including the relations (1)-(9). Thermal and stress boundary conditions acting at the contact boundary
S between the bodies A and B are also required:

Ay (grad, T), = — A, (grad, T),, (10)
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By subjecting these equations and the associated boundary conditions to similarity theory methods we
obtain a complete set of similarity criteria for the various cases of thermal loading and assumptions rela-
ting to the mechanical properties of the material bodies. Moreover the concept of similarity of thermally
stressed states is particularized in terms of the similarity of stress, deformation, and displacement fields.

For example, in the case of a2 homogeneous body subjected to harmonic temperature oscillations (of
amplitude ATy 4% and of period ty) in the external medium undergoing forced motion, the complete set of
similarity criteria for a solid with simple viscoelastic properties is as follows:
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An analysis of the structure of the complete systems of similarity criteria shows that each such
system can be subdivided into two or three autonomous groups. In the first group we place criteria relat-
ing the mechanical and thermophysical characteristics of the material, both full-scale and model. In the
criteria of the second group we have the ratios of the mechanical and thermophysical characteristics of the
bodies A and B, these characteristics being essential for the process being investigated, and also the ratios
of their linear dimensional characteristics. Criteria in the third group define the conditions for the ther-
mal interaction of the solid with the external medium in model experiments,

All the criteria for characterizing the similarity of the thermally stressed states in the full-scale
body and its model are presented in Table 1; this makes it possible to form a complete set of criteria for
modelling temperature effects in both simple and composite solids in an arbitrary case.

The criterion Eolz/pa2 is used for comparing the speeds of propagation of sound and heat in the mater-
ial of the solid, Since the first of these speeds exceeds the second by many orders of magnitude, stresses
in solids appear almost instantaneously following the propagation of heat and the buildup of the temperature
field. Hence the criterion Eolz/pa2 {and also the criterion pB/p A derived from if) is inessential and in model-
ling can be neglected. As a result of this simplification it becomes clear that the restrictions contained
in the first group of criteria do not exclude application to a model of the full-scale material, for all the
types of thermal loading considered, in the case of an elastic material, In this case the criteria relating
the temperature dependence of the modulus of elasticity in the full-scale body and its model are automatical-
ly satisfied. This result can be extended to apply to modelling in which the temperature dependence of an
arbitrary characteristic is taken into account.

In modelling which takes viscoelastic properties into account the choice of material for the model
must obey the following additional relationships:

1) between the elastic and viscous characteristics

o _me? (15)
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2) between the viscoelastic and thermophysical characteristics

Moy Moy (16)
ap - a’pl .

In addition, the parametric criteria appearing in Group I of Table 1 must be observed,

The criteria of Group II are characteristic only for composite bodies. They serve as supplementary
restrictions on the choice of material in a model of the composite body.

The criteria of Group II determine the law of temperature variation T, = f(t) in the model and also
the conditions of heat transfer between the model and the external medium.

NOTATION
Xi, Xj are Cartesian coordinates;
oij are stress components;
t is the time;
o is the density:
o B a, A are coefficients of heat transfer, of linear expansion, temperature diffusivity and thermal
diffusivity, respectively;
E, G, K are moduli of elasticity, shear and compression, respectively;
i is the Poisson number;
M is the shear viscosity coefficient;
Ty is the stress relaxation time;
T is the temperature, “K;
Bi, Gr, Pr, Re are theBiot, Grashof, Prandtl and Reynolds numbers, respectively;
Ve | is the kinematic viscosity of medium;
g is the free fall acceleration;
z is the characteristic linear dimension;
We is the forced velocity of medium;
Subscripts

A refers to body A,
B refers to body B3
C refers to external medium,
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